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Abstract
We construct new s-extremal singly even self-dual codes with min-
imum weights 8, 10, 12 and 14. We also give tables for the currently
known results on the existence of s-extremal singly even self-dual codes
with minimum weights 8, 10, 12 and 14.
1 Introduction
Codes over F2 are called binary, where F2 denotes the binary field. All codes
in this note are binary. The dual code C⊥ of a code C of length n is defined
as C⊥ = {x ∈ Fn2 | x · y = 0 for all y ∈ C}, where x · y is the standard
inner product. A code C is called self-dual if C = C⊥. Self-dual codes are
divided into two classes. A self-dual code C is doubly even if the weights
of all codewords of C are multiples of 4, and singly even if there is at least
one codeword of weight ≡ 2 (mod 4). It is known that a self-dual code of
length n exists if and only if n is even, and a doubly even self-dual code of
length n exists if and only if n ≡ 0 (mod 8). The minimum weight d of a
self-dual code of length n is bounded by d ≤ 4⌊n/24⌋+4 if n 6≡ 22 (mod 24)
and d ≤ 4⌊n/24⌋ + 6 if n ≡ 22 (mod 24) [31] and [33]. A self-dual code
meeting the bound is called extremal. A self-dual code is called optimal if
it has the largest minimum weight among all self-dual codes of that length.
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Two codes are equivalent if one can be obtained from the other by permuting
the coordinates.
Let C be a singly even self-dual code and let C0 denote the subcode of
codewords of weight ≡ 0 (mod 4). Then C0 is a subcode of codimension 1
[11]. The shadow S of C is defined to be C⊥0 \ C [11]. The minimum weight
d(D) of a coset D is the minimum non-zero weight of all vectors in D. Let
C be a singly even self-dual code of length n and let S be the shadow of C.
It was shown in [4] that
d(S) ≤
n
2
+ 4− 2d(C), (1)
unless n ≡ 22 (mod 24) and d(C) = 4⌊n/24⌋ + 6, in such a case d(S) =
n/2+ 8− 2d(C). A singly even self-dual code meeting the bound is called s-
extremal [4]. It was shown that s-extremal singly even self-dual codes imply
1-designs sometimes 2-designs [4, Theorem 3.1]. In addition, the existence
of many s-extremal singly even self-dual codes was mentioned in [4]. Some
restrictions on lengths for which there is an s-extremal singly even self-dual
code are known [17], [20], [27] and [30].
A classification of s-extremal singly even self-dual codes with minimum
weight 4 was done in [16]. Up to equivalence, all s-extremal singly even self-
dual codes with minimum weight 6 are known ([1], [4, p. 29], [5] and [26]).
The previously known results on the existence of s-extremal singly even self-
dual codes can be found in [4] for minimum weights 8, 10, . . . , 18. In this
note, we explicitly construct new s-extremal singly even self-dual codes with
minimum weights 8, 10, 12 and 14. All the new s-extremal singly even self-
dual codes are extremal or optimal, except for the codes of length 56. We
also give tables for the currently known results on the existence of s-extremal
singly even self-dual codes with minimum weights 8, 10, 12 and 14.
This note is organized as follows. In Section 2, we give methods for
constructing s-extremal singly even self-dual codes with parameters [24k +
4, 12k+2, 4k+2], [24k+12, 12k+6, 4k+4] and [24k+20, 12k+10, 4k+4], by
considering neighbors. In Section 3, a great number of new s-extremal and
extremal singly even self-dual codes with minimum weight 8 are explicitly
constructed for lengths 42 and 44. We note that the only lengths for which
the classification has not been done yet are 42 and 44 for minimum weight 8.
In Section 4, new s-extremal singly even self-dual codes with minimum weight
10 are explicitly constructed for length 56. In Section 5, new s-extremal and
extremal singly even self-dual codes with minimum weight 12 are explicitly
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constructed for lengths 62 and 64. In Section 6, many new s-extremal and
optimal singly even self-dual codes with minimum weight 14 are explicitly
constructed for length 78. Also, the current knowledge on the existence of
s-extremal singly even self-dual codes with minimum weights 8, 10, 12 and 14
is presented in Tables 1, 3, 4 and 5, respectively. All computer calculations
in Sections 3, 4, 5 and 6 were done with the help of Magma [6].
2 Construction of s-extremal singly even self-
dual codes of lengths 24k + 4, 24k + 12 and
24k + 20
Two self-dual codes C and C ′ of length n are said to be neighbors if dim(C ∩
C ′) = n/2 − 1. Let C be a singly even self-dual code and let C0 denote
the doubly even subcode, that is, the subcode of codewords having weight
≡ 0 (mod 4). Since C0 is a subcode of codimenion 1 [11], there are cosets
C1, C2, C3 of C0 such that C
⊥
0 = C0 ∪ C1 ∪ C2 ∪ C3, where C = C0 ∪ C2 and
S = C1 ∪ C3. If C is a singly even self-dual code of length n ≡ 0 (mod 4),
then C0 ∪ C1 and C0 ∪ C3 are self-dual (see [9]). It is trivial that C0 ∪ C1
and C0 ∪ C3 are neighbors of C. We denote these neighbors by N1(C) and
N3(C), respectively. Since C
⊥
0 = C0∪C1∪C2∪C3 and C0 is the doubly even
subcode for both N1(C) and N3(C), the shadows of N1(C) and N3(C) are
C2 ∪ C3 and C2 ∪ C1, respectively. In addition, if n ≡ 0 (mod 8), then the
two codes are doubly even self-dual (see [9]).
Proposition 1. (i) Let C be an s-extremal singly even self-dual [24k +
4, 12k+2, 4k+2] code. Then the neighbors N1(C) and N3(C) of C are
also s-extremal singly even self-dual [24k + 4, 12k + 2, 4k + 2] codes.
(ii) Let C be an s-extremal and extremal singly even self-dual [24k+20, 12k+
10, 4k + 4] code. Then the neighbors N1(C) and N3(C) of C are also
s-extremal and extremal singly even self-dual [24k+20, 12k+10, 4k+4]
codes.
(iii) Let C be an s-extremal singly even self-dual [24k + 12, 12k + 6, 4k + 2]
code. Then the neighbors N1(C) and N3(C) of C are s-extremal and
extremal singly even self-dual [24k + 12, 12k + 6, 4k + 4] codes.
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Proof. (i) Since C has minimum weight 4k+2, d(C0) ≥ 4k+4 and d(C2) =
4k+2. Since the shadow of C has minimum weight 4k+2, d(C1) ≥ 4k+2
and d(C3) ≥ 4k + 2. Let S1 and S3 denote the shadows of N1(C) and
N3(C), respectively. Then we have
d(S1) = d(S3) = 4k + 2. (2)
Suppose that d(C1) ≥ 4k+6. From the upper bounds on the minimum
weights of self-dual codes, it holds that d(N1(C)) = 4k + 4. From (1),
we have
d(S1) ≤
24k + 4
2
+ 4− 2d(N1(C)) = 4k − 2.
This contradicts (2). Hence, d(C1) = 4k + 2 and d(N1(C)) = 4k + 2.
Similarly, d(C3) = 4k + 2 and d(N3(C)) = 4k + 2.
(ii) Since C has minimum weight 4k+4, d(C0) = 4k+4 and d(C2) ≥ 4k+6.
Since the shadow of C has minimum weight 4k+6, d(C1) ≥ 4k+6 and
d(C3) ≥ 4k + 6. By a argument similar to the proof of (i), N1(C) and
N3(C) have minimum weight 4k + 4, and the shadows of N1(C) and
N3(C) have minimum weight 4k + 6.
(iii) Since C has minimum weight 4k+2, d(C0) ≥ 4k+4 and d(C2) = 4k+2.
Since the shadow of C has minimum weight 4k+6, d(C1) ≥ 4k+6 and
d(C3) ≥ 4k + 6. By a argument similar to the proof of (i), N1(C) and
N3(C) have minimum weight 4k + 4, and the shadows of N1(C) and
N3(C) have minimum weight 4k + 2.
This completes the proof.
The above method is used to construct s-extremal and extremal singly
even self-dual [44, 22, 8] codes and s-extremal and optimal singly even self-
dual [76, 38, 14] codes.
3 Existence of s-extremal singly even self-dual
codes with minimum weight 8
In this section, a great number of new s-extremal and extremal singly even
self-dual codes with minimum weight 8 are constructed for lengths 42 and 44.
The current knowledge on the existence of s-extremal singly even self-dual
codes with minimum weight 8 is also presented.
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3.1 Range of lengths
If there is an s-extremal singly even self-dual [n, n/2, d] code with d ≡ 0
(mod 4), then n ≤ 6d − 4 [30, Proposition 3.1]. Hence, if there is an s-
extremal singly even self-dual [n, n/2, 8] code, then n ≤ 44. Also, if there is
a singly even self-dual [n, n/2, 8] code, then n = 32, 36 and n ≥ 38 (see [11]).
Up to equivalence, for lengths 32, 36, 38 and 40, all extremal singly even self-
dual codes are known in [11], [32], [1] and [7], respectively. We note that
the only lengths for which the classification of extremal singly even self-dual
codes has not been done yet are 42 and 44 for minimum weight 8.
3.2 Length 42
Currently, 17 inequivalent s-extremal and extremal singly even self-dual
[42, 21, 8] codes are known (see [4, p. 30]). The code R4 in [11, Table III] is
the first known code.
Any self-dual code of length n can be reached from any other by taking
successive neighbors (see [11]). It is known that a self-dual code C of length
n has 2(2n/2−1 − 1) self-dual neighbors. These neighbors are constructed
by finding 2n/2−1 − 1 subcodes of codimension 1 in C containing the allone
vector. A computer program written in Magma, which was used to find
self-dual neighbors, can be obtained electronically from
http://www.math.is.tohoku.ac.jp/~mharada/Paper/neighbor.txt. By
finding all 2(220−1) self-dual neighbors of R4, we determined the equivalence
classes among s-extremal and extremal self-dual [42, 21, 8] neighbors of R4.
The number of inequivalent s-extremal and extremal singly even self-dual
[42, 21, 8] neighbors of R4, which is not equivalent to R4, is 48232. Hence,
we have the following:
Proposition 2. There are at least 48233 inequivalent s-extremal and ex-
tremal singly even self-dual [42, 21, 8] codes.
The 48232 codes are constructed as
N42,i = 〈(R4 ∩ 〈xi〉
⊥), xi〉,
where xi can be obtained from
http://www.math.is.tohoku.ac.jp/~mharada/Paper/42-21-8-se.txt.
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3.3 Length 44
There are five inequivalent pure double circulant extremal singly even self-
dual [44, 22, 8] codes and these codes are denoted by P44,i (i = 1, 2, 3, 4, 5) [22,
Table 2]. Note that the codes P44,1 and P44,2 are s-extremal. By Proposi-
tion 1, two s-extremal and extremal singly even self-dual [44, 22, 8] neighbors
N1(P44,i) and N3(P44,i) are constructed from P44,i (i = 1, 2). We verified that
N3(P44,1) is equivalent to P44,2, N3(P44,2) is equivalent to P44,1 and N1(P44,1)
is equivalent to N1(P44,2). In addition, we verified that N1(P44,1) is not equiv-
alent to P44,i (i = 1, 2). Thus, N1(P44,1) is a new s-extremal and extremal
singly even self-dual [44, 22, 8] code.
Moreover, we found all s-extremal and extremal singly even self-dual
[44, 22, 8] neighbors of P44,i (i = 1, 2, 3, 4, 5). The numbers of inequivalent
s-extremal and extremal singly even self-dual [44, 22, 8] neighbors of P44,i,
which are inequivalent to P44,1 and P44,2 (i = 1, 2, 3, 4, 5), are 99, 99, 0, 0
and 0, respectively. We denote the 99 inequivalent s-extremal and extremal
singly even self-dual [44, 22, 8] neighbors of P44,1 (resp. P44,2) by N44,1,j (resp.
N44,2,j) (j = 1, 2, . . . , 99). The 198 codes are constructed as
N44,i,j = 〈(P44,i ∩ 〈xi,j〉
⊥), xi,j〉,
where x1,j can be obtained from
http://www.math.is.tohoku.ac.jp/~mharada/Paper/44-22-8-se-1.txt
and x2,j can be obtained from
http://www.math.is.tohoku.ac.jp/~mharada/Paper/44-22-8-se-2.txt.
We verified that N44,1,99 and N44,2,99 are equivalent, and there is no pair of
equivalent codes among the other codes. Hence, there are at least 199 in-
equivalent s-extremal and extremal singly even self-dual [44, 22, 8] codes. We
remark that N1(P44,1) is equivalent to N44,1,99 and N1(P44,2) is equivalent to
N44,2,99.
Up to equivalence, there is a unique extremal singly even self-dual [46, 23, 10]
code [28]. The code C46 has generator matrix
(
I23 R23
)
, where R23 is the
circulant matrix with first row
(0, 0, 0, 1, 0, 0, 0, 1, 1, 0, 0, 1, 0, 1, 1, 0, 0, 1, 0, 1, 0, 0, 1),
and In denotes the identity matrix of order n. We verified that all s-extremal
and extremal singly even self-dual [44, 22, 8] codes, which are obtained from
C46 by subtracting two coordinates i, j, are divided into 29 equivalence
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classes. Here, since the automorphism group of C46 acts transitively on the
coordinates, we may assume that i = 1. Let S44,1,i denote the s-extremal and
extremal singly even self-dual [44, 22, 8] code which is obtained from C46 by
subtracting two coordinates 1, i. The 29 inequivalent codes are constructed
as S44,1,i, where
i = 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 24, 25, 26, 27,
28, 29, 31, 32, 33, 34, 36, 37, 38, 39, 40, 41, 43, 46.
We verified that there is no pair of equivalent codes among the 199 codes
and the 29 codes. Hence, we have the following:
Proposition 3. There are at least 228 inequivalent s-extremal and extremal
singly even self-dual [44, 22, 8] codes.
3.4 Table N8(n)
We summarize in Table 1 the number N8(n) of known inequivalent s-extremal
singly even self-dual [n, n/2, 8] codes, along with the references.
Table 1: Minimum weight 8
n N8(n) References n N8(n) References
32 3 [11] 40 3597997 [7]
36 25 [32] 42 ≥ 48233 Proposition 2
38 1730 [1] 44 ≥ 228 Proposition 3
4 Existence of s-extremal singly even self-dual
codes with minimum weight 10
In this section, new s-extremal singly even self-dual codes with minimum
weight 10 are constructed for length 56. Note that the largest minimum
weight among known singly even self-dual codes of length 56 is 10. The
current knowledge on the existence of s-extremal singly even self-dual codes
with minimum weight 10 is also presented.
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4.1 Range of lengths
If there is an s-extremal singly even self-dual [n, n/2, 10] code, then 46 ≤
n ≤ 70 [20, Corollary II.4]. For n ∈ {46, 50, 52, 54, 58}, the existence of s-
extremal singly even self-dual [n, n/2, 10] codes was mentioned in [4, p. 30].
For n ∈ {48, 50, 52, 54}, many s-extremal singly even self-dual [n, n/2, 10]
codes are already known.
4.2 Length 56
Let A and B be the circulant matrices with first rows
(0, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 1, 1, 1) and (1, 0, 1, 0, 1, 0, 0, 1, 0, 1, 0, 1, 0, 1),
respectively. Let C56 be the [56, 28] code with generator matrix
(
I28
A B
BT AT
)
, (3)
where AT denotes the transpose of a matrix A. We verified that C56 is an
s-extremal singly even self-dual [56, 28, 10] code. In addition, we found all
inequivalent s-extremal singly even self-dual [56, 28, 10] neighbors of C56. The
number of the neighbors, which is not equivalent to C56, is 20. The 20 codes
N56,i (i = 1, 2, . . . , 20) are constructed as
N56,i = 〈(C56 ∩ 〈xi〉
⊥), xi〉,
where the supports supp(xi) of xi are listed in Table 2. Currently, 71 in-
equivalent s-extremal singly even self-dual [56, 28, 10] codes are known [27].
We verified that the known 71 codes, C56 and N56,i (i = 1, 2, . . . , 20) are
inequivalent. Hence, we have the following:
Proposition 4. There are at least 92 inequivalent s-extremal singly even
self-dual [56, 28, 10] codes.
4.3 Table N10(n)
Currently, it is not known whether there is an s-extremal singly even self-
dual [n, n/2, 10] codes for n = 60, 62, 64, 66, 68, 70. We summarize in Table 3
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Table 2: New s-extremal singly even self-dual [56, 28, 10] codes
Codes supp(xi)
N56,1 {2, 3, 10, 31, 34, 39, 44, 53, 55, 56}
N56,2 {1, 11, 12, 15, 25, 28, 29, 36, 46, 53}
N56,3 {11, 22, 26, 34, 36, 40, 43, 44, 46, 47}
N56,4 {4, 7, 13, 17, 23, 27, 30, 32, 44, 48}
N56,5 {10, 23, 33, 38, 44, 45, 46, 48, 49, 53}
N56,6 {2, 10, 21, 24, 27, 36, 41, 48, 49, 50}
N56,7 {1, 4, 8, 33, 39, 42, 46, 50, 52, 55}
N56,8 {8, 12, 13, 18, 23, 24, 28, 33, 44, 51}
N56,9 {2, 11, 12, 14, 16, 18, 23, 51, 53, 54}
N56,10 {19, 22, 27, 30, 37, 38, 41, 43, 54, 55}
N56,11 {9, 13, 15, 16, 23, 26, 29, 35, 42, 48}
N56,12 {3, 9, 11, 13, 17, 20, 23, 29, 35, 50}
N56,13 {5, 7, 13, 23, 32, 34, 36, 39, 42, 44}
N56,14 {11, 13, 14, 17, 23, 25, 26, 31, 36, 49}
N56,15 {3, 10, 13, 17, 31, 37, 41, 48, 49, 52}
N56,16 {2, 8, 12, 17, 27, 38, 40, 46, 51, 54}
N56,17 {5, 11, 30, 37, 38, 39, 40, 42, 45, 46}
N56,18 {3, 4, 5, 17, 23, 29, 31, 33, 41, 49}
N56,19 {5, 10, 14, 20, 22, 28, 33, 37, 43, 55}
N56,20 {5, 16, 17, 19, 20, 38, 43, 45, 46, 56}
the number N10(n) of known inequivalent s-extremal singly even self-dual
[n, n/2, 10] codes, along with the references.
There are 11 inequivalent pure double circulant singly even self-dual
[58, 29, 10] codes and these codes are denoted by P58,i (i = 1, . . . , 11) [22,
Table 2]. Note that the codes P58,i (i = 1, 2, 3) are s-extremal. We veri-
fied that P58,i (i = 1, 2, 3) has no s-extremal singly even self-dual [58, 29, 10]
neighbor, which are inequivalent to P58,i (i = 1, 2, 3).
We examine the construction of s-extremal singly even self-dual [60, 30, 10]
codes. By Proposition 1, if there is an s-extremal singly even self-dual
[60, 30, 10] code D, then the neighbors N1(D) and N3(D) of D are s-extremal
and extremal singly even self-dual [60, 30, 12] codes. If there is an s-extremal
and extremal singly even self-dual [60, 30, 12] code C such that C1 contains
no vector of weight 10, then the neighbor N3(C) of C is an s-extremal singly
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Table 3: Minimum weight 10
n N10(n) References n N10(n) References
46 1 [28] 56 ≥ 92 Proposition 4
48 ≥ 322 [8], [11], [24] 58 ≥ 3 [22]
50 ≥ 1507 [25] 60 ?
52 ≥ 460 [29] (see [4, p. 30])
...
...
54 ≥ 9115 [38] 70 ?
even self-dual [60, 30, 10] code. In this case, by [11, Theorem 5], the weight
enumerators W1 and W3 of C1 and C3 are uniquely determined as follows
W1 =33600y
14 + 1717760y18 + 26376960y22 + 130152960y26
+ 220308352y30 + · · · ,
W3 =396y
10 + 29640y14 + 1735580y18 + 26329440y22 + 130236120y26
+ 220208560y30 + · · · .
Currently, 13 inequivalent s-extremal and extremal singly even self-dual
[60, 30, 12] codes are known (see Table 4). We verified that both C1 and
C3 contain a vector of weight 10 for each C of the 13 codes.
5 Existence of s-extremal singly even self-dual
codes with minimum weight 12
In this section, new s-extremal and extremal singly even self-dual codes with
minimum weight 12 are constructed for lengths 62 and 64. The current
knowledge on the existence of s-extremal singly even self-dual codes with
minimum weight 12 is also presented.
5.1 Range of lengths
By [30, Proposition 3.1], if there is an s-extremal singly even self-dual [n, n/2, 12]
code, then n ≤ 68. In addition, if there is a singly even self-dual [n, n/2, 12]
code with n ≤ 68, then n ∈ {56, 60, 62, 64, 66, 68} [11].
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5.2 Length 60
Three inequivalent s-extremal and extremal singly even self-dual [60, 30, 12]
codes are known [12] and [36]. Recently, 13 inequivalent s-extremal and
extremal singly even self-dual [60, 30, 12] codes have been found [21]. We
verified that three codes of the 13 codes are equivalent to the codes in [12]
and [36].
5.3 Length 62
Eight inequivalent s-extremal and extremal singly even self-dual [62, 31, 12]
codes are known [12]. One more s-extremal and extremal singly even self-dual
[62, 31, 12] code was constructed [34].
Let C be a singly even self-dual code of length n. Let T be a coset of C,
say T = t+C, where t 6∈ C. Let C0 denote the subcode of C consisting of all
codewords which are orthogonal to t. Then there are cosets C1, C2, C3 of C0
such that C0
⊥
= C0 ∪ C1 ∪ C2 ∪ C3, where C = C0 ∪ C2 and T = C1 ∪ C3.
If the weight of t is odd, then
C+(t) = (0, 0, C0) ∪ (1, 1, C2) ∪ (0, 1, C1) ∪ (1, 0, C3)
is a self-dual code of length n+2 [35]. We found an s-extremal and extremal
singly even self-dual [62, 31, 12] code by the above construction. Consider
the extremal self-dual [60, 30, 12] code C ′62,6 in [12] and the vector t of length
60 having the following support
{1, 3, 7, 9, 31, 37, 38, 48, 50, 53, 58}.
We verified that the code (C ′62,6)
+(t) is an s-extremal and extremal singly
even self-dual [62, 31, 12] code with automorphism group of order 5. Since
none of the known nine codes has automorphism group of order 5, we have
the following:
Proposition 5. There are at least 10 inequivalent s-extremal and extremal
singly even self-dual [62, 31, 12] codes.
5.4 Length 64
Two inequivalent s-extremal and extremal singly even self-dual [64, 32, 12]
codes were constructed in [10]. We denote by C64,1 and C64,2 the s-extremal
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and extremal singly even self-dual [64, 32, 12] codes listed in [10, Tables 7
and 8], respectively. Recently, 22 more s-extremal and extremal singly even
self-dual [64, 32, 12] codes have been constructed in [2]. We found one more
s-extremal and extremal singly even self-dual [64, 32, 12] code. The code F1
in [10] is an extremal singly even self-dual [64, 32, 12] code and its generator
matrix is listed in [10, Table 3]. We define the code N64 as follows
N64 = 〈(F1 ∩ 〈x1, x2〉
⊥), x1, x2〉,
where
supp(x1) ={23, 31, 33, 36, 39, 42, 44, 46, 49, 50, 55, 57, 59, . . . , 64},
supp(x2) ={34, 35, 37, 39, 40, 41, 42, 43, 44, 47, 49, 51, 53, 54}.
We verified that N64 is an s-extremal and extremal singly even self-dual
[64, 32, 12] code, which is equivalent to none of the above 24 codes. Therefore,
we have the following:
Proposition 6. There are at least 25 inequivalent s-extremal and extremal
singly even self-dual [64, 32, 12] codes.
5.5 Lengths 66 and 68
There are three inequivalent pure double circulant extremal singly even self-
dual [66, 33, 12] codes and these codes are denoted by C66,i (i = 1, 21, 25) [18,
Table 3]. The two codes C66,i (i = 1, 21) are s-extremal and extremal singly
even self-dual [66, 33, 12] codes, while C66,21 is equivalent to D16 in [11, Ta-
ble III].
Recently, six inequivalent s-extremal and extremal singly even self-dual
[68, 34, 12] codes have been found in [37], under the assumption that they
possess an automorphism of order 7.
5.6 Table N12(n)
If n ∈ {60, 62, 64, 66, 68}, then there is an s-extremal singly even self-dual
[n, n/2, 12] code. We summarize in Table 4 the number N12(n) of known
inequivalent s-extremal singly even self-dual [n, n/2, 12] codes, along with
the references.
12
Table 4: Minimum weight 12
n N12(n) References n N12(n) References
56 ? 64 ≥ 25 Proposition 6
60 ≥ 13 [12], [21], [36] 66 ≥ 2 [11], [18]
62 ≥ 10 Proposition 5 68 ≥ 6 [37]
6 Existence of s-extremal singly even self-dual
codes with minimum weight 14
In this section, many new s-extremal singly even self-dual codes with mini-
mum weight 14 are constructed for length 78. Note that the largest minimum
weight among singly even self-dual codes of length 78 is 14 (see [15]). The
current knowledge on the existence of s-extremal singly even self-dual codes
with minimum weight 14 is also presented.
6.1 Range of lengths
If there is an s-extremal singly even self-dual [n, n/2, 14] code, then 70 ≤ n ≤
94 [20, Corollary II.4]. Currently, s-extremal singly even self-dual codes with
minimum weight 14 are known for only lengths 76 and 78 (see [4, p. 30]).
6.2 Length 76
An s-extremal and optimal singly even self-dual [76, 38, 14] code having au-
tomorphism of order 19 was constructed in [3]. This code is denoted by C76
in [3]. By Proposition 1, two s-extremal and optimal singly even self-dual
[76, 38, 14] codes N1(C76) and N3(C76) are constructed from C76. We verified
that C76, N1(C76) and N3(C76) are inequivalent, and N1(C76) and N3(C76)
have automorphisms of order 19. It was shown in [14] that there are three
inequivalent s-extremal and optimal singly even self-dual [76, 38, 14] codes
with an automorphism of order 19. Hence, Ni(C76) (i = 1, 3) is equivalent
to one of the codes in [14].
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6.3 Length 78
By Lemma 2.4 in [4], a singly even self-dual code constructed from an ex-
tremal doubly even self-dual [80, 40, 16] code by subtracting is an s-extremal
and optimal singly even self-dual [78, 39, 14] code. There are ten inequivalent
extremal double circulant doubly even self-dual [80, 40, 16] codes [19]. These
codes are denoted by P80,i (i = 1, 2, . . . , 6) and B80,i (i = 1, 2, 3, 4). It was
shown in [13] that there are 11 extremal doubly even self-dual [80, 40, 16]
codes with an automorphism of order 19, up to equivalence. The 11 codes
are denoted by C80,1, C80,2, . . . , C80,11. We verified that all s-extremal and op-
timal singly even self-dual [78, 39, 14] codes constructed from the 21 codes by
subtracting the pairs of coordinates are divided into 1942 equivalent classes.
The 1942 inequivalent codes are constructed from the codes C by subtract-
ing the pairs (i, j) of coordinates, where the sets of the pairs are given by Sk
(k = 1, 2, . . . , 8) as follows
Sk C Sk C
S1 P80,1 S5 C80,i (i = 1, 3, 6, 9)
S2 P80,i (i = 2, 3, 4, 5) S6 C80,i (i = 2, 4, 8, 10, 11)
S3 P80,6 S7 C80,5
S4 B80,i (i = 1, 2, 3, 4) S8 C80,7
The sets Sk (k = 1, 2, . . . , 8) can be obtained from
http://www.math.is.tohoku.ac.jp/~mharada/Paper/78-39-14-se.txt.
Proposition 7. There are at least 1942 inequivalent s-extremal and optimal
singly even self-dual [78, 39, 14] codes.
6.4 Table N14(n)
We summarize in Table 4 the number N14(n) of known inequivalent s-extremal
singly even self-dual [n, n/2, 14] codes, along with the references.
It was shown in [27] that there is an s-extremal singly even self-dual
[24k+8, 12k+4, 4k+2] code if and only if there is an extremal doubly even
self-dual [24k + 8, 12k + 4, 4k + 4] code with covering radius 4k + 2. The
covering radii of some extremal doubly even self-dual codes of length 80 were
determined in [27]. It is an open problem to determine whether there is an
extremal doubly even self-dual [80, 40, 16] code with covering radius 14.
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Table 5: Minimum weight 14
n N14(n) References n N14(n) References
70 ? 78 ≥ 1942 Proposition 7
72 ? 80 ?
74 ?
...
...
76 ≥ 3 [3], [14] 94 ?
7 Remarks on s-extremal singly even self-dual
codes with minimum weights at least 16
For minimum weight d ≥ 16, currently only two s-extremal singly even self-
dual codes are known. More precisely, an s-extremal and extremal singly even
self-dual [86, 43, 16] code and an s-extremal singly even self-dual [102, 51, 18]
code are known (see [4, p. 30]).
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